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Colloidal photonic crystals display peculiar optical properties which make them particularly suitable for
application in different fields. However, the low packing fraction of the targeted structures usually poses
a real challenge in the fabrication stage. Here, we propose a novel route to colloidal photonic crystals via
a binary mixture of hard tetramers and hard spheres. By combining theory and computer simulations,
we calculate the phase diagram as well as the stacking diagram of the mixture, and show that a colloidal
analogue of the MgCu2 Laves phase – which can serve as a precursor of a photonic bandgap structure – is a
thermodynamically stable phase in a large region of the phase diagram. Our findings show a relatively large
coexistence region between the fluid and the Laves phase, which is potentially accessible by experiments.
Furthermore, we determine the sedimentation behaviour of the suggested mixture, by identifying several
stacking sequences. Our work uncovers a new self-assembly path towards a photonic structure with a band
gap in the visible region.
Keywords: Colloidal particles, Laves phases, hard tetramers, phase diagrams, sedimentation, Monte Carlo
methods, local density approximation
I. INTRODUCTION
It is known that colloidal particles can spontaneously
form ordered, periodic phases which are the analogue of
crystals in atomic systems. The most prominent example
of such a transition, first discovered by computer simu-
lations1–3, and later confirmed by experimental work4, is
the formation of a Face Centered Cubic (FCC) crystal
from a fluid of colloidal particles which behave as Hard
Spheres (HS).
The study of crystalline phases on colloidal length and
time scales is important not only at a fundamental level,
where it allows for insights into e.g., phase transitions and
crystallisation kinetics5–7, but also for potential applica-
tions. In particular, it is possible to fabricate photonic
crystals (PCs) from colloidal particles. By PCs we mean
structures with a periodically varying dielectric constant
that display a complete photonic band gap. Due to to
the intrinsic size of the employed building blocks, col-
loidal photonic crystals display a band gap in the visible
range of frequencies. These structures act for photons in
the same way as semiconductors do for electrons, hence
opening up a way to control light propagation. The ap-
plication area of such materials is quite broad, ranging
from optical fibers, displays and switches to (bio-)sensing
and bio-medical engineering, and finally to energy stor-
age and security8–19. Therefore, a significant amount of
research in the colloid science community deals with the
design and fabrication of such photonic crystals.
Since the early work on PCs20–23, different particle ar-
rangements were explored as candidates24–29, and some
a)m.dijkstra@uu.nl
of them – most notably the so called “inverse opals” –
were also fabricated in the lab30–35. To date, the most
suitable structures to make PCs remain the Diamond
Crystal (DC) and the Pyrochlore structure, in which the
colloids are located on the lattice positions of the respec-
tive crystal structures36,37. However, despite the efforts,
the fabrication of such open (non close-packed) structures
at the colloidal scales has not been achieved yet, and it is
a long-standing research focus in the nanomaterials and
colloid science community.
Nevertheless, new perspectives on the subject arise be-
cause the recent advances in the colloidal synthesis al-
low for more and more exotic building blocks to be used
in the colloidal self-assembly arena. Clusters of spheres
with well-defined shapes, such as dimers, trimers and
tetramers, have become available, together with the in-
triguing possibility of employing them to self-assemble
PCs38–45. These colloidal clusters can be produced in
several ways. One method takes advantage of the dry-
ing forces in an evaporating emultion droplet to drive the
confined colloidal particles to a specific geometry38,39,42.
A different class of fabrication procedures relies instead
on microfluidics setups, with of without the use of litho-
graphically patterned surfaces.44,46–49.
In addition, on the theoretical side, two new ideas
were put forward to possibly facilitate the fabrication of
PCs, and we shall briefly discuss them in the following.
One study showed that a structure composed of tetra-
hedral clusters of spheres (“tetrastack”) displays a pho-
tonic band in the optical region50. However, while they
employ a complex building block, it is not clear how the
suggested structure can be realised experimentally. An-
other study suggested that, by using a binary mixture of
colloidal particles with different sizes, it is possible to as-
semble an MgCu2 Laves phase. This is appealing because
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2the MgCu2 consists of a DC of large spheres and a Py-
rochlore lattice of small spheres, and both substructures
display a photonic bandgap51. In this case, the authors
addressed the problem posed by the open structure by
using a binary mixtures of spheres. Nevertheless, issues
arise when one considers that three phases can actually
be assembled from a binary hard-sphere mixture, namely
the MgCu2, the MgNi2, and the MgZn2. It is also im-
portant to note that the latter is the thermodynamically
stable phase, and unfortunately not the aimed MgCu2
phase52. Furthermore, the three aforementioned Laves
phases are nearly degenerate as they have very similar
free energies, hence the self-assembly of the mixture re-
sults in glassy states, unless the assembly is directed, e.g.,
by using templated walls51.
In this work, we combine Monte Carlo (MC) computer
simulations and theory to study the phase behaviour of
a binary mixture of large hard spheres and rigid, hard
tetrahedral clusters of small hard spheres (hereafter de-
noted as tetramers) with a fixed size ratio. For this mix-
ture, we compute both the bulk phase diagram and the
sedimentation behaviour. In particular, using free-energy
calculations, we address the stability of the MgCu2 Laves
phase that can result from the self-assembly of the mix-
ture. In this way, we retain the best of both approaches
previously introduced, while also circumventing some of
the other problems.
For instance, employing a binary mixture mitigates
the problem of the low-coordinated open target struc-
tures of the diamond and pyrochlore phase, whereas using
tetramers as one of the building blocks alleviates the lat-
tice degeneracy problem as MgNi2 phase cannot be self-
assembled from tetramers and spheres, and moreover us-
ing tetramers also removes the metastability problem as
the MgCu2 phase is more stable than the MgZn2 phase in
mixtures of tetramers and spheres. Hence, the particular
choice of colloidal building blocks intrinsically pre-selects
the desired structure, and thus the MgCu2 Laves phase
is obtained by design. Furthermore, by using the bulk
phase diagram and the local density approximation, we
theoretically calculate the stacking diagram of the mix-
ture, which predicts the stacking sequences of different
phases that could be observed in sedimentation experi-
ments on the same mixture.
We stress that such a model mixture is well within
experimental reach, even though no studies on it have
been performed yet, to the best of our knowledge. This
is somewhat surprising as hard-core systems are usually
much easier to control than systems with attractive in-
teractions, which often requires substantial fine-tuning of
the range, strength, and directionality of the interactions.
The paper is organised as follows. We introduce the
model and discuss the employed methods in Sec. II. In
Sec. III we present the results on the phase behaviour
of the binary mixture of spheres and tetramers, while
in Sec. IV we discuss the sedimentation behaviour. In
Sec. V we sum up our findings, and outline future re-
search directions.
II. MODEL AND METHODS
A. Monte carlo simulations
We consider a binary mixture of Ns hard spheres and
Nt hard tetramers with composition x = Ns/N , where
N = Ns + Nt. The spheres have diameter σL. Each
tetramer consists of four touching spherical beads of di-
ameter σB arranged in a tetrahedral fashion. We assume
the tetramers to behave like a rigid body, i.e., fluctua-
tions in the geometrical arrangement of the spheres are
neglected. The size ratio between a bead in a tetramer
and a sphere is labelled as q = σB/σL. Since the MgCu2
Laves phase of an ordinary binary hard-sphere mixture
achieves its highest packing fraction for q =
√
2/3 ∼
0.8251–54, we employ this value in our work. All interac-
tions are assumed to be HS-like, meaning that the objects
do not interpenetrate each other. Thus, spheres can-
not approach each other closer than σL, beads belonging
to different tetramers cannot approach each other closer
than σB , spheres and tetramer beads cannot approach
closer than σLB = (σL +σB)/2. A model of the different
building blocks employed in this work is shown in Fig. 1.
FIG. 1. Building blocks of the investigated binary mixture.
(left) Hard spheres with diameter σL. (center) Hard tetra-
hedral tetramers of bead size σB . Note that the beads are
tangential to one another. The size ratio q = σB/σL is fixed
to 0.82. (right) Faceted model of tetrahedron, with symmetry
group Td, connecting the centers of the beads.
In order to map out the phase diagram of the sys-
tem, we combine Monte Carlo (MC) simulations in
the isobaric-isothermal ensemble and free-energy calcu-
lations. Hence, the relevant thermodynamic quantities
are Ns, Nt, P, T . The pressure P is measured in reduced
units as βPσ3L with β = 1/kBT , kB Boltzmann’s con-
stant, and T the system temperature. The packing frac-
tion is defined as η = γρ, where ρ = N/V is the num-
ber density, V the volume of the simulation box, and
γ = piσ3L[x+ 4q
3(1− x)]/6. To evolve the system, we use
displacement moves for spheres and tetramers, rotational
moves for tetramers, and volume moves. For each move,
we set an acceptance rate of 30%. An MC step (MCS)
is defined as N attempted translations or rotations, and
one volume move of the simulation box. The length of
the simulations in the isobaric-isothermal ensemble is at
least 5×106 MCS, while the free-energy calculations run
3for at least 2× 106 MCS. For the case of non-cubic crys-
tal structures, we also employ NPT simulations where
the box lattice vectors are free to fluctuate, in order to
remove any additional stress from the crystal phase55,56.
For each composition of large spheres x, the equation of
state (EOS) is computed by means of compression and
expansion runs. For the compression runs, the starting
configuration is a disordered fluid of Ns = xN spheres
and Nt = (1 − x)N tetramers. For the expansion runs,
crystalline structures of selected composition provide the
initial configuration as explained in the following.
B. Crystalline structures
For a binary hard-sphere mixture, previous studies
have shown that, at the chosen size ratio q = σB/σL =
0.82, the stable crystal structures are the pure FCC crys-
tals of large and of small spheres, and the MgNi2, MgCu2,
and MgZn2 Laves phases
51,52, where the MgZn2 phase
has a slightly lower free energy than the other two, and
the MgCu2 Laves phase can be stabilised by wall templat-
ing51. In the case of a mixture of tetramers and spheres,
we employ the same packing arrangements as those in
Ref. 52, but we replace four small spheres by a tetramer.
This procedure yields structures which are made from the
investigated building blocks (spheres and tetramers), but
are arranged similarly to the respective literature cases.
In particular, the FCC of small spheres at x = 0 becomes
a simple cubic crystal lattice of tetramers. Furthermore,
it is important to note that the third kind of Laves phase
– the MgNi2 crystal – cannot be reproduced by a combi-
nation of tetramers and spheres, hence it falls already out
of the picture when considering candidate crystal struc-
tures.
Summing up, for different compositions of large spheres
x we have:
SC simple cubic lattice of tetramers with specified ori-
entation at composition x = 0.
LP1 a mixed structure of tetramers and spheres, which
packs the same way as an ordinary MgCu2 lattice,
at composition x = 2/3.
LP2 the analogue of the MgZn2 crystal, but made out
of tetramers and spheres, also at composition x =
2/3. Note that this structure has a non-cubic unit
cell.
FCC the thermodynamic stable structure for hard
spheres, at composition x = 1.
In the SC, LP1 and LP2 phases, respectively, all the
tetramers have the same orientation, which is calculated
by a rigid transformation of the bead positions in the
reference frame to the bead positions in the crystal at
hand. We note that other arrangements are, in principle,
possible for the SC phase, with respect to both the posi-
tions and the orientations of the tetramers, nevertheless
FIG. 2. Crystal structures considered in this work. (top left)
The Simple Cubic crystal of tetramers (SC) at composition
x = 0. (top right) The binary MgCu2 Laves phase (LP1) at
composition x = 2/3. (bottom left) The binary MgZn2 Laves
phase (LP2) at composition x = 2/3. (bottom right) The
Face Centered Cubic crystals of large spheres (FCC) at com-
position x = 1. The color code identifies different tetramers
and separates tetramers from spheres.
the positions of the beads of the tetramers must always
be compatible with an FCC packing. Moreover, the de-
generacy of the SC phase, if present at all, is expected to
be small57, hence we neglect it in our calculations.
C. Free-energy calculations
The bulk phase diagram is determined by using the
common tangent construction in the Gibbs free energy g
– composition x representation. We remind the reader
that the dimensionless Gibbs free energy per particle is
defined as g = βG/N = f + Z, where f = βF/N is
the dimensionless Helmholtz free energy per particle and
Z = βP/ρ = γβP/η is the compressibility factor.
Thus, in order to compute the Gibbs free energy g, one
must first calculate f , and thermodynamic integration is
the method of choice for this task58. Starting from a
reference point, f is obtained by integrating the EOS
to the point of interest, assuming no phase transition is
crossed along the integration path
f(η) = f(η0) +
γ
kBT
∫ η
η0
dη′
P (η′)
η′2
(1)
4The main problem is now shifted to the computation
of f at the reference point. For the fluid phase we choose
this point to be an ideal gas mixture. For the crystal
phases we use the Frenkel-Ladd method extended to ac-
count for the anisotropic particle shape58–61. In this
method, one connects an Einstein crystal, where particles
are tied to their ideal lattice positions and orientations by
harmonic springs, to the system of interest by slowly re-
moving the harmonic springs. More details can be found
in Ref. 61 and references therein. The Helmholtz free-
energy per particle f of a crystal reads60,61:
f(η0) = fEinst(λmax)− 1
N
∫ λmax
0
dλ′
〈
∂βUEinst(λ
′)
∂λ′
〉
NVT
(2)
where fEinst, which stands for the free energy per particle
of an ideal Einstein crystal, is given by:
fEinst(λmax) = −3(N − 1)
2N
ln
(
pi
λmax
)
+ ln
(
Λ3tΛr
σ3L
)
+
1
N
log
(
σ3L
V N1/2
)
+ (1− x)for(λmax) (3)
In Eq. 2, the function UEinst(λ) denotes the harmonic
potential that couples the particles positions and orien-
tations to the corresponding Einstein lattice values and
reads:
βUEinst(λ) = λ
N∑
i=1
(ri − ri,0)2 /σ2L +
λ
Nt∑
i=1
(
sin2 ψia + sin
2 ψib
) (4)
where (ri − ri,0) represents the displacement of parti-
cle i from its position in the ideal Einstein crystal, and
where the angles ψia and ψib are the minimum angles
formed by the vector pointing to any of the beads in the
tetramer and the rest position of two arbitrarily chosen
beads a and b, respectively. Note that all the spheres and
tetramers are connected with springs to their respective
lattice positions in the Einstein crystal, whereas an align-
ing potential is acting only on the tetramers. The term
for(λmax) in Eq. 3 takes into account the orientational
free energy of the ideal Einstein crystal and reads:
for(λmax) =− ln
{
1
8pi2
∫
dφdθdχ sin(θ) ×
exp
[−λmax (sin2 ψia + sin2 ψib)]} (5)
where φ, θ and χ are the Euler angles. This integral de-
pends only on the maximum value chosen for the coupling
constant λ and, of course, on the form of the Hamiltonian
chosen for the orientational springs. In simple cases, it
can be evaluated exactly or in an approximated analytic
form. However, when the orientational Hamiltonian is
more complex as in the current case, it must be calcu-
lated numerically, e.g. via MC integration.
Once the Helmholtz free energy is known, the Gibbs
free energy per particle for fixed composition and varying
pressure is calculated as
g(P, x) = f(η0, x) + γ
∫ η
η0
dη′
βP (η′, x)
η′2
+ Z(P, x) (6)
With the outlined procedure, we calculate the Gibbs
free energy g(P, x) for the fluid phase at different compo-
sitions with a grid spacing of 0.1, as well as the Gibbs free
energy g(P, x) for the solid phases. We then use the com-
mon tangent construction in the (g, x)-plane to draw the
phase diagram. A representative calculation of g(P, x) is
given in Fig. 3, where we also show the results of the com-
mon tangent construction. By collecting the information
about g(P, x) at several pressure values, we eventually
map out the phase diagram of the binary mixture in the
pressure βPσ3L – sphere composition x representation.
FIG. 3. Gibbs free energy per particle g = βG(P, x)/N
as function of composition x = Ns/N for a fixed pressure
βPσ3L = 13.6. The green, magenta and cyan dots represent
the SC phase of pure tetramers (at x = 0), the LP1 crystal (at
x = 2/3), and the FCC of pure large spheres (at x = 1), re-
spectively. The blue dashed line shows the Gibbs free energy
g(P, x) of the fluid as function of composition x. The orange
dots represent the coexistence points between the fluid and
the LP1 crystal (2 points), and between the fluid and the
FCC crystal of pure large spheres, as calculated by the com-
mon tangent construction. The thick lines show the path of
minimal Gibbs free energy.
5D. Stacking sequences and stacking diagram
Once ascertained the bulk thermodynamics, we also
study the system sedimentation behaviour. To this end,
we theoretically construct a stacking diagram which is
the set of all possible sequences of phases stacked in a sed-
imentation column, following the method recently pre-
sented in Ref. 62. The theory behind the construction of
a stacking diagram is based on chemical potentials, hence
the bulk phase diagram in the P −x representation must
first be converted to the plane of chemical potential of
the spheres (L) and tetramers (T), respectively. In the
following, we assume that such a conversion has been
done and only discuss in terms of chemical potentials of
the two species.
Once gravity is switched on, there is an increasing con-
centration profile along the column in the direction of
gravity z. We now define a z-dependent chemical poten-
tial which varies with concentration along the sedimen-
tation column
ψi(z) = µ
0
i −migz (7)
where ψi(z) is the chemical potential of species i =
{L, T} at a height z of the column , µ0i is its chemical po-
tential in the absence of gravity, and mi its buoyant mass.
Rearranging Eq. 7 and eliminating the z-dependence, we
obtain a linear relation between the chemical potential
of the spheres ψL(z) and the chemical potential of the
tetramers ψT (z)
ψL(ψT ) = a+ sψT (8)
s = mL/mT (9)
a = µ0L − s µ0T (10)
where s is the gravitational variable and a is the compo-
sition variable.
Assuming the local density approximation (LDA) is
valid, we can set the local chemical potential ψi(z) of
species i equal to the chemical potential µi of an equilib-
rium bulk state, i.e
ψi(z) = µi (11)
so that the correlation between s and a appears as a
straight line (Eq. 8) on the plane of chemical poten-
tials µT − µL. This straight line is called a “sedimen-
tation path” and the set of all such lines constitutes a
stacking diagram. The point at which a sedimentation
path crosses a bulk binodal represents a phase transition.
Therefore, each path yields a specific stacking sequence
of phases in the corresponding stacking diagram.
III. BULK PHASE BEHAVIOUR
In this section, we present and discuss our results for
the bulk phase diagram of the binary mixture of spheres
and tetramers, including a representation of the phase
diagram more suitable to experiments.
A. Equations of state
The equations of state (EOS) of both the fluid phase
at different compositions x and of the crystalline struc-
tures considered are a key ingredient of the calculation
of the phase diagram, as we see from Eq. 6. For the fluid
phase, we calculated the EOSs at composition intervals of
0.1, whereas for the crystal phases the compositions are
fixed. In Fig. 4 we show the EOSs of the different crystal
structures investigated, as well as the EOSs of the fluid
mixture at different compositions x. We subsequently fit
FIG. 4. EOS of the mixture of large hard spheres and hard
tetramers at different compositions x. The solid branches
correspond to expansion runs of the studied solid structures,
namely SC at x = 0, LP1 and LP2 at x = 2/3, and FCC
at x = 1. Note that the EOSs of LP1 and LP2 coincide for
high pressures, but differ at lower pressures. For visualisation
purposes, the curves have been shifted with respect to each
other in the y direction by an amount ∆y = 14.
the simulation results to
γβP
η
= 1 +
n∑
i=1
aiη
i (12)
for the fluid phase, and
γβP
η2
=
m∑
i=0
biη
i (13)
for the crystal phases. The typical value of n is 12, while
m = 3 for all cases. The fitting procedure allows us to
easily perform the thermodynamic integration in Eq. 6.
B. Stabily of LP1–MgCu2 and phase diagrams
Previous work on binary hard-sphere mixtures has
shown that, unless wall templating is used, the MgZn2
Laves phase is more stable than the MgCu2 Laves
phase51,52. Unfortunately, the MgCu2 structure is the
6only Laves phase whose sublattices display a complete
photonic band gap36,37. Hence, the first issue for us to in-
vestigate is the thermodynamic stability of LP1–MgCu2
compared to LP2–MgZn2. We addressed this by per-
forming free-energy calculations at a fixed packing frac-
tion of η = 0.60 for different total number of particles
N . By plotting the excess free energy per particle in-
cluding finite-size corrections versus 1/N for both struc-
tures, we can extrapolate to the thermodynamic limit
N → ∞ by looking at the intercept of the two lines ??.
This is displayed in Fig. 5, where it becomes clear that
the LP1–MgCu2 structure of hard tetramers and hard
spheres is more stable than the LP2–MgZn2 structure
in the thermodynamic limit. The LP1 structure has a
bulk excess free energy per particle of 10.01(1)kBT , while
the LP2 crystal has an excess free energy per particle of
10.07(1)kBT , the difference being 6×10−2kBT per parti-
cle. Incidentally, we note that this free-energy difference
is not at all small, being hundreds of times larger than
the free-energy difference per particle between an FCC
and an HCP of hard spheres. Thus, by employing a mix-
ture of hard tetramers and large hard spheres, the MgCu2
structure – the precursor of colloidal photonic crystals –
is stabilised in bulk. In view of this result, we will refer to
LP1 more generically as “Laves phase” in the following.
FIG. 5. Finite-size scaling of the excess Helmholtz free energy
fex + ln(N)/N vs 1/N at diamter ratio q = 0.82 and packing
fraction η = 0.6 for the LP1–MgCu2 and LP2–MgZn2 Laves
structures of hard tetramers and hard spheres. The lines are
linear fits to the data points. the LP1 crystal is always signif-
icantly more stable than the LP2 structure, the free energy
difference in the thermodynamics limit being 6 × 10−2 per
particle.
To draw the phase diagram in the pressure βPσ3L–
composition x representation, we apply common tangent
constructions to the Gibbs free-energy curves g(P, x) at
different pressures, in order to determine the composi-
tion and densities of the coexisting phases. The results
are summarised in Fig. 6.
For pressures βPσ3L ≤ 11.5, we find that the fluid is
FIG. 6. Phase diagram of a binary mixture of hard spheres
and hard tetramers in the pressure βPσ3L–composition x rep-
resentation. The composition x = NS/N refers to the spheres.
Two triple points (Fluid+SC+Laves, Fluid+Laves+FCC) are
found, together with a relatively large phase coexistence re-
gion between the fluid and the Laves phase.
the only stable phase. Increasing the pressure results
in different coexistence regions, between the fluid and
the three crystal structures investigated, and between the
different crystal structures at even higher pressures.
For 11.5 ≤ βPσ3L ≤ 13.9 and compositions x > 0.81 we
find coexistence between the FCC crystal of large spheres
and the fluid phase, while for 17.0 ≤ βPσ3L ≤ 17.6 and
compositions x < 0.17 we find a coexistence between the
simple cubic crystal of tetramers and the fluid phase.
Interestingly, at intermediate pressures and composi-
tions we observe two distinct phase coexistence regions
between the Laves phase and the fluid phase with either
a composition smaller or larger than that of the Laves
phase, i.e., x ≤ 2/3 and x ≥ 2/3. Moving towards high
pressures we find solid-solid coexistence between the sim-
ple cubic phase of pure tetramers and the Laves phase,
and between the Laves phase and the pure FCC phase
of large spheres, the former starting at somewhat higher
pressures than the latter (βPσ3L > 17.6 vs βPσ
3
L > 13.9).
For very high pressures, we expect, due to packing con-
siderations, only a single coexistence region between the
simple cubic phase of tetramers and the FCC crystals
of large spheres, i.e. we expect to find another triple
point where the SC, Laves, and FCC phases are in co-
existence with each other. However, we were unable to
detect the crossover, even by simulating at pressures as
high as βPσ3L = 70.0. Thus, we can only set a lower limit
on this specific crystal-crystal phase coexistence region.
The relatively large two-phase coexistence region be-
tween the fluid phase and the Laves phase is the most
7remarkable feature of the presented phase diagram, sig-
nalling an extended and easily accessible parameter range
to obtain the targeted MgCu2 Laves phase in simulations
as well as in experiments. We checked this result by ad-
ditionally performing direct coexistence simulations at
overall compositions x = 0.5 and x = 0.6 and pressure
βPσ3L = 15.0. In Fig. 7 we present snapshots of the final
configurations as obtained from the simulations, which
confirm the coexistence between the fluid phase and the
Laves phase of tetramers and spheres.
FIG. 7. Representative final configuration from direct coex-
istence simulations displaying coexistence between the fluid
phase and the Laves crystal of hard tetramers and hard
spheres. (top) Overall composition x = 0.6 and pressure
βPσ3L = 15.0. (bottom) Same as top panel, but with color
coding as to highlight the different tetramers.
FIG. 8. Phase diagram of the investigated binary mixture
in the packing fraction of tetramers ηT – packing fraction of
large spheres ηL representation.
Despite the progress in the fabrication of colloidal
building blocks, we are unaware, to the best of our knowl-
edge, of experimental realisations of the proposed binary
mixture. In order to facilitate the comparison with ex-
perimental results we additionally convert the phase di-
agram to the packing fraction of tetramers ηT – packing
fraction of spheres ηS representation, the result being
shown in Fig. 8. The triple points we found in Fig. 6 –
Fluid + SC + Laves, Fluid + Laves + FCC – transform
to triangular areas in this representation. In between the
triple points we find the coexistence region between fluid
phase and Laves structure, which could be probed exper-
imentally. Note that the triple point SC + Laves + FCC
is outside the scanned pressure range and for this reason
does not appear in Fig. 8. Finally, we also calculate the
phase diagram in the chemical potential of the spheres µL
– chemical potential of the tetramer µT representation.
While this diagram is not suitable for comparison with
experiments, it is instead crucial in order to theoretically
address the role of gravity on the presented bulk results,
as accomplished in the next section.
IV. SEDIMENTATION BEHAVIOUR AND STACKING
DIAGRAM
We now study the system while sedimenting under a
gravitational field. The phase diagram in the chemical
potential of the spheres µL – chemical potential of the
tetramers µT representation is shown in Fig. 9, where
full black lines represent bulk binodals. At each point on
a binodal two phases are in equilibrium with each other.
FIG. 9. Phase diagram of the binary mixture in the chem-
ical potential of large hard spheres µL – chemical potential
of hard tetramers µT representation. The solid lines repre-
sent the bulk binodals, and delimit single-phase regions. The
phase transitions of the pure system of spheres and the pure
system of tetramers are shown by the horizontal and vertical
asymptotic extensions of the respective binodals. The colored
dashed lines represent some of the possible phase-stacking se-
quences in the sediment. The color code is the same as the
one used for the stacking diagram. The arrows on the dashed
lines indicate the direction from the bottom to the top of the
sediment.
8This bulk phase diagram is used as an input for our
theory, as discussed in Sec. II D, in order to calculate
the stacking diagram. The different regions in a stack-
ing diagram, each of which represent a unique stacking
sequence, are delimited by the following features:
Sedimentation binodal is the locus of all sedimen-
tation paths tangential to the bulk binodal(s). We have
five bulk binodals indicating the various coexistences as
shown in Fig. 9 thus giving five corresponding sedimen-
tation binodals.
Terminal lines which represent sedimentation paths
passing through any point where a binodal terminates.
As can be seen from Fig. 9, we have three such terminal
points:
1. The triple point where the Laves, fluid and FCC
phases coexist.
2. The triple point where the Laves, fluid and SC
phases coexist.
3. The triple point where the Laves, FCC and SC
phases coexist. In order to locate this point in the
plane of chemical potentials, we obtain the FCC-
Laves and SC-Laves binodals from simulations un-
til pressures βPσ3L = 70, and we extrapolate the
last simulated points until the two binodals meet.
Asymptotic terminal lines appear when the bulk
binodal does not terminate at a finite value for one of the
chemical potentials, i.e, when the binodal is connected to
a phase transition of a one-component system or when,
at very high chemical potentials, both pure component
crystals approach close packing densities. For example,
in our system the fluid-FCC binodal goes asymptotically
to the fluid-FCC phase transition of the pure large hard
spheres, which is denoted by the s = 0 line. In addition,
the fluid-hard tetramer SC phase continues in the pure
tetramer system, which is at s = −∞ (not shown in
figure).
With these features in place, we obtain the correspond-
ing stacking diagram of system of large hard spheres
and hard tetramers undergoing sedimentation, shown in
Fig. 10, with the assumption that both species sediment
slowly enough for LDA to apply. The differently col-
ored regions in Fig. 10 represent the different stacking
sequences for this binary mixture. We remind the reader
that s equals the ratio of the buoyant masses of the
spheres to the tetramers, as from Eq. 9. A negative s
means that one species settles while the other creams
up. For the purposes of analysis, in this paper we as-
sume that the tetramers always settle, which means that
the buoyant mass of the tetramer species is always posi-
tive. Alternatively, if the identity of the settling species
is switched, the stacking sequences for the negative s re-
gion will simply be reversed. Keeping this in mind, the
following observations can be made about the resulting
stacking diagram.
FIG. 10. The stacking diagram depicting the sedimentation-
diffusion equilibrium for the binary mixture of large hard
sphere-hard tetramer. The colored regions represent the dif-
ferent phase-stacking sequences of phases observed in the sed-
imentation column. Note that the colors of the regions corre-
spond to the colors of the sedimentation paths drawn on the
µT – µL representation in Fig. 9. For visualisation purposes
we have restricted the axes to the region which contains the
largest amount of stacking sequences. Moreover, the a axis
was linearly scaled with respect to s by a constant c = −40,
such that a = aactual − c s.
1. For negative s, the single species crystal phase
formed at the bottom is always the SC phase of
tetramers, as is expected.
2. For 0 < s <∼ 0.45, the pure component crystal phase
is the SC of tetramers, which is also expected be-
cause the tetramers have a higher buoyant mass
than the spheres and therefore sediment faster.
3. For s >∼ 0.45, the large spheres form the FCC phase
at the bottom of the column. This is counter-
intuitive as the spheres have a lower buoyant mass
and should sediment less than the tetramers, and
it is reminiscent of the “Brazil-nut effect” in bi-
nary granular mixtures under shaking, where the
large species rises to the top of the smaller one63,64.
However, the nature of the two phenomena is dif-
ferent, because the Brazil-nut effect happens under
out of equilibrium conditions, while the observed
settling behaviour is an equilibrium phenomenon.
We also note that Brazil-nut-like effects have been
observed – both theoretically and experimentally
– in colloidal systems, however involving charged
binary mixtures.65,66
4. For s ≈ 1, which means that the buoyant mass
of both species are equal, we still observe that the
large hard spheres form an FCC crystal at the bot-
tom. This can be understood if we approximate
the hard tetramer by a circumscribed sphere with
a diameter σeff = q(1 +
√
(3/2))σL ' 1.83σL. We
9thus find that the tetramers are larger in size than
the spheres, and hence the system minimises its po-
tential energy by having the smaller species at the
bottom.
5. We intriguingly observe some regions with floating
crystal phases67, where crystaline phases are found
on in between the fluid phase, such as SC-Fluid-
Laves-Fluid or SC-Fluid-FCC-Fluid. These regions
are, however, relatively small.
V. CONCLUSIONS
We investigated the phase behaviour of a binary mix-
ture of hard spheres and hard tetramers consisting of
beads arranged in a tetrahedral fashion. By using MC
simulations in the isobaric-isothermal ensemble combined
with free-energy calculations and the thermodynamic in-
tegration method, we mapped out the bulk phase dia-
gram of the mixture in the pressure βPσ3L–composition
x representation. We also theoretically determined the
sedimentation behaviour of this mixture using the local
density approximation.
We found two-phase coexistence regions between the
fluid phase and the various crystal structures, as well as
two triple points, namely the Fluid+SC+Laves and the
Fluid+Laves+FCC triple points. Surprisingly, we find a
relatively large coexistence region between the fluid and
the Laves phase – the structural analogue of the MgCu2
phase, which may be experimentally accessible. In or-
der to facilitate comparison with experimental parame-
ters, we also converted the phase diagram from the pres-
sure βPσ3L – composition x representation to the packing
fraction of tetramers ηT – packing fraction of spheres ηL
plane.
Assuming the validity of the local density approxi-
mation under relevant experimental conditions for our
binary system, we also investigated the sedimentation
behaviour by calculating the stacking diagram of this
mixture. We observed several stacking sequences, some
of which were reminiscent of the “Brazil-nut effect” in
binary granular mixtures, while others intriguingly dis-
played floating crystal phases.
Our results demonstrate a novel self-assembly route to-
wards a photonic crystal, in which the Diamond and the
Pyrochlore structures can be assembled in one crystal –
the MgCu2 Laves structure – from a binary mixture of
hard spheres and hard tetramers. By selectively burn-
ing or dissolving one of the species, either the tetramers
or the spheres, the Laves phase can be converted into
a diamond lattice or a pyrochlore structure to obtain a
photonic crystal with a bandgap in the visible range. We
hope that our results will stimulate further experimental
and theoretical investigations. In future work, we will
address the crystallization kinetics of the proposed self-
assembly route, as well as the effect of colloidal epitaxy.
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